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. given gln‘te will some mixturs of eomplets penetrations end

- wovld be zexo to a velocity at which ths proportion of comdlete

4
4

. . (]
* AGOlub/FISyubbs/esy - /
O ESTIMATING BAULISTIC LINIT AWD ITS PRTCYS YOW ' o

1, = Introduction. In current tesiys of armor plate, AP
projectildos are ilred ot various velocity levels pgoinst &

PFarcial peneirations is obteinsd. Tha "Rallistic Limit"e

of the plate is then estimgted somewhad arbitrarily by using
the averaze velocdty of two projectiles - om resulting in
a complete penetration emd the other a partial peretratlon.
It is scen, however, that svebh 2 "rule-of-thumbd” does nos
lead to a standaxrd error which nay be attacked to the cghimie
of ballistic limit or to en estinate of ihs stamdard devige
tion of the distridution of velocitics for the zone of “mixcd
results's Thz zone of "mixed results" is an interval cxtori-
ing from the velocity for which the proporiion of yeaetrations

venciration vould be unity. The pwyposzc of iae Proscat ncve
Js therefore to investigate a mothod Tor estimatirg the rion
or nzdien (50%) veloeity, the strmdard deviation of wuc Gis-
tribution of velocitics for the zone of mixed results ead to

approximite standard exrors or estimates of precision whieh {03

cen be atiached to the adbove two figures, The goncral provlen
here involves the analysis of so-called "scnsitivity data'.

Problems involving the use of scasitivity data have
becn deelt with in detail by C. I. Bliss (1], C. ¥est Chuxdhe
man [2) the Statisticol Research Group, Princoton University -
{3) and others. Al)l these treatmants, however, deal with - ;
problens for vhich the levels of stimulus oxr test cen be |
preassizned or controlled. There is a class of sinsitivity . i
provlems, however, for vhich the levels of test cep nzither
be assiged precisely in sdvence or- controlled. A\bypical - i
rroblem of this tyge is the present onz of detexmining tho
Ballistic Limit velocity of armoxr plate. PFor this cace, a
velocity, for example, of 2000 f/s ray be aimed at (by ad-

Justient of the weight of propellant powder), tut duz to a

rendon distribution of velocities Toxr a fixed cperze, ihe

veloclty actvally atteirzd may be, say, 2015 £/s. Ths,. it

is not recasible to control velocity such thet, foxr exzapla, ;
5 projectiles could be fired at a velocity of 2000 I/s,

.
e Gemms - ————

#ITIIsvice Simit has, in many instences, bsen definzd son:e
what loosely as "that velocity at which a asiven typs of pro-
Jeetile will panetrate a miven (thicknrss enl tyr: of) armoy

H
<)
Platc". However, it tums out that for a sarizs of AP pro- i
Jeetiles fired at an apvropriate constans velesity port of I
the pro jzetiles will comwpletely penetratz the plete and <ne
reiainder v:A1l1l not, tho .proportion pnziratiig dopmiding on

the level of velesity., Thus, for problems of this tyrs iv

becores necesgary €0 rogoxd the "Fallistic Ninid" ms o povan-

. eter of t1 probability distridution involving tho proporiic:i

of successcs Yor various levels of velccitye.
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anothor 5 rounds at 2025 f/s, etc. Once pa AP projctile has
been fired and its veleccity weasvred, however, then it can

;. be saidd that the veloeity attained is known ratler precisely
- and is thus "Iree of exror". In the exacution of a test for.
determining the Ballistic Limit of a glven armor plate,.there-
fore, the results of such a test vswally yleld a set of
digtinet pro jectile velocilies or testing levels. Assuming
trat eack rrojzetile has a "eritical veloeity" at ox above
vlich thz projectile will penetrate the plate and belor vhich
it wil) fail to pencirate; and also that these critical
velocities follow the Normal Distrivution Law, then the general
Prodbler ay be to determine for eny eiven velceity the probd-
ability of a penetration. lHiovever, it is usuwally suf{ficient
in many practical cases to determine that velocity for vhich
the probability of wenetration is one~half (definzd hereinafter
as the Ballistic Limit velocity). Ths remainier of this note
s concerned with how the mean or Bellistic Limit velocity and
standaxwd deviation of the noxmally distritwted c-itical velocities:
way te cstimated from a unique set of veleocities, md how the
precision of ow estimates my be apvproximated. Although our
primary intercst centers arovnd tests of armor, it is avparent
that the méthods stvdied herein are generally applicable to
other problems of the tyre concidered in this note.

. 2. Determination of the Yikelihood Punction. As a
result of Test we have an observed set of generally distinct
velocities, v,, and a statement for each velocity that the -
projsetile pefietrated or feiled to -penetrate the plate. If
the txue robabilitics of penetration at these velocities are
pi, the probability of the observed set of obsexrvations may

be written in the form

(1) P=g pi‘ﬁ‘qi (1-4)) g, = 0 or 1 for the different
' i . levels, Vg of test.

vhere under the assumption of the Normal Distritution of
critical velocities .

S b o 0

N

s -

penetration at the velooity, vy, /

)

ti -t"'/2
Pi = [ 1 dt=l-qi = the chance of a complete

.~'. ' . v, ~ A ’ ’ ' }
' ti = -%-—- = the deviation in velocity fxom A expressed '

-

in otendard units and A sd ¢ axo thz ‘wnlknova rean or 50%
velocity and standard deviation in velocity, we desircd to
estimato e,

Nee o,
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The quantity {i is a discrete random variabdle which takes the

value 1 for i complete penetration end the value 0 for a partial
or incomplets penetration. (At thr velocity Yy the quantity

Ji has an cxpected or mean valuve of pi).

: To cstimate the paramgters «and o, employing R. A.
Fishexr's Nethod of Maximum Likelihood, it is customary to
maximize the Iikelihood ‘function L = Log P i.e.

(2) 1 =Z£-8. log p, + (1- di') log qg’}

3. Jethod of Maximum Likelihood for the Estimation
ofAand g.” In ordcr GO mAXimize L vié eQuAve TO Zero uhe
vartial dexivatives of I with respcet to 4tend ¢, and thon
solve for the estimotes Aend &. [(Tha caret is used to denove
an estimate of a population parameter]. .

To maximize the funetion L, the dexrivatdives of Py
and q; with respect to 4 and ¢ will be needed. They are:

"aq1 2

ol 1 =1
M © A o

L A ] =
20 o 70 c

L]
‘t2/2 _ V"’" /(
"Ihare Zi = l e IUJ{\(-\( .(,;' _"—:‘—':——

2\';

The maximum likelihood equations ars then readily found to Lo

L1 ) 2y _ ¢ %)
(3) g,/.‘.._ }'_1? (1 g o 'Jif*‘i'}“o

Q

.

2L _ 1 6,2, tiz'n '
=== (e} 22 -4 2 1l=0p Lo
(4) g0 O 2;{ i i) Qy i pij /

For an observed set of unigue velocitics, howovexr, we sub-
stitute the actual J, (i.e. 0 or 1) for each velocity ond thus

(1), (2), (3) and (4) may convenicntly be renrranged end ro-
vritien for computational purposes ag
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(o) P = P,p, —=" B 211. Qe === 9, | . where

e . n= nunber of penetrations and m = number of non-penetrations.

(2a) L= g; log pi + §?log qd (4 for complete penetrations,
= =

J for failures tozpenetrage) o ) ' o ;

25 .. 1 s S et ¥ I
(3a) a’f‘ GLJZQJ Z}pi )

— [ 4,2 t 2
(42) /..:.[i::.l.‘. ‘_...1..1— o 2 0
70 0 Lg_ % %

In order to solve the above set of equations [(3a)
and (4a)) for 4 end o the standard iteraiion method for esti-
mating <two parameters from the maximum l3ikelihood principle
will be cmployed. This procedvurt is particvlarly effective
yrovided close first estirates of 4Aend o can be found. In
this comnection, if a suitable number of rounds have been
fired thon the use of probability paper is éxpeditious in
obtaining first estirates, by grouping the velocitics, plotting
the observed proportion of complete penetrations as a funetion
of the observed velocities, and estimating « and o from tre
1 line graphed. Should the number of rounds fired be few, say
five, & zraphical first estimate way be obitained by plotting
1 equation (3a) for varying o and equation (4a) for varyinz «.
Interscction -of these two cwrves will give & solution or a
good first estimate to uge, It is conceivadle that for a
riven set of observations, hovever, practical solutions of
equations (3a) and (4a) may not exist., That is to say, we
vill not be concerned with values of the standard deviation,
o, for which o<0,

The appropriate simultaneous eqw tions for iteration
onAend o are . )

' . - ?_‘:{.. = .E.QI‘ + ._a_il’.._ ) :
. : ' (5) Ko OA ? b K690, ’ ) o ) :h
- e . I, aaL g aaL .
: . 6) - 2 = o dlte &2 Ao
(6 A0,  9Hpd0, 29,2
.‘g
}' s - ‘ 6
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Where AKX n/c-/to and Ao m_G-no give the approximate errors in
/eo eng G c2 the duncrenants to he.addod to the egtinates
-(/{0, co) in the itoration process.

) It is evident fxom (5) end (6). thet the socond rartial
derivatives of L aro nceded.for the iteration and they ate:

.oy [ 3.2, . 28® $.2, z,2
(7) “&h . L, Sidis o A z..é,.}
: 3
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I _1 [—+2 $,3 2 %72 L +,2;° 0, L5 2
(8) ?...é.....; bk I BT - S s _§£1_+§_C

o .32 )
(9) 2%l |s—_d 4 ALVt 0t W N e W I

[ 2

-2

J
S R 4| Flied - 54,2
L % ‘*c"[‘."ﬁ' T
i Z?.

By cxamination of thoso equations 1t iz apparent (sce nurarieal
example belewr) that the computational wozk involved owa VLo
acconmplished sowzawhat readlly on a desk caloulator, since #ll
cxpressions involved are functlons of the Zolloring.colwras

of factors. -
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Values bf'fi, Zi/bi and'zi/'qi aro‘given in Tables I and II
and were taken from refercnce [4]. :

4. The rvproximate Vaviawces of A~ end &, Approximations

for the varisnces of 4 md G ray be obtairzd, in accordance with
existing Maximum Likelihood theory, from the exp“ctpd valus
of .the second partial derivatives of the likelihocd I as
expressed in (2),

The second partial derivétives of tre likelihood L
as expresgsed in (2) are: :

2

?' 2
L _ 1. T4y _ oy U428
(11)5%33-.-:521- (l-—J) '(l d’).......-Ji

af
- u-é:-)_s_ 3 _s}

' 3z 402
2L _ 1 b3 1523
12 Tmrtass T2 aen - —-.--¢ - - - ——
’ 3 P 200
-4, ti%s | g, %y | 4, A IRIE AR LT
4. P . pi . pi pli’! ‘ Z" fl:

Sinco the expected value of d; [i.e. E(d,)]is ﬁ , Ve obtain
from (3), a} ’ {10) 11), and (12) the %olloaixg.
(13') B (’é;;(}: a_' T Zi'zi = 0 ' .

(2B - 1 i -
(14) E ac) OZ tZ‘LZ} 0

T V1%%1%
2 23 2z
(15) :»:(?-::)h.l.Z I
oA o i: i Py .
/
t,22 +¢,22
(26) E(.w Loy 4 : _
/(3G o2 % q, Py
8
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and vriting . -
. . . 21' . /‘S.L’b\)l." -
- . - L2 ! &
. . M}‘ B E@/m) ' / w

r .
{ . - azL)' f ' ' . ;
| . no = -B05%) L | i
Aoo =,-E("3.—I—‘ . -t o - =
. 2q? P . ' ’ ' :
! (vhich are the approximate variancos and covarisnco of
__ . g/% and ?%) then from a theorem on Maximum %ikelihood cstimates .
. _ the variefice-covarienocs matrix of % ond 'c} may be obtained as-
b Auo Pl (o .
. o * . ;
Ao Aool O 490 - .
. in which ¥ of, the varimco a2 ; A99 & 62, foe varimco P
‘ of 4; end )Y ig the approximate covarianco o2 ad 8. |
-i. Se ixetpleo. In. firing five rounds o a givon rwo- ’
. Jectile ot a given plate ths folldiving obsorvations wero g
xrecoxrdod. . " i . .
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Yelocity Condition of Immct
. ] 2433 Non~-Pene tration .
2415 gon-Pcno tration
2415 on-¥eic tretion
2453% Penoe tration
2423 . Peno tration
Using the graphicel method of obtaining a first estimate, as
discussed in paragraph 3, ,we obtain for plausible first
cstimte,,qo = 2440 and o, = 20. ¥e arc now in a position to
employ the iterotion method of solution and set up a systematic -
tabvlation as follows: "
. 2 3 2/02 g2/ 2
LY
____2433 ”0350 01_2_2_5 "s0429___‘:_5_89 ¢ 034‘59
ay 2415 =1.25011.5625[~1.9531] . 204 .0416 '
L5055 05 [T 53T L 0% | ] .0416 -
280%1 L6501 .4225| .2746 %) | _.as92
Py 2425] - 650 72257 =.6L 2‘1 1.4056 1.6763
z 2.
(?).I: =2_ .4 -2 4 = -.8440
an J 3 i i
2 ¥4
200NN S i NP S 3 = PN
o 5o =% G PR g o
. '- : t( .., L")
4.2 22 — .3 72 *a,l/z"‘“:m,‘;
e/ R N ol o RO Sl D S W 2§ IV
de)e o |7 ey Jgqz 1t py 1 1200
A - J P
! 3 2 2 2 2|
2 t%2 t.2 152 t2
(_e_,r.». SRS b NS W [T bt W3 | I YP
- 2HIdo jo o 7] QJ J_qz_ 1 py 1 p?
I 9 1]
i 39 2,2 3 .
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Equations (5) end (6) now beocom

¢8440 = -,1200 44 + .0646 Hho '

~.1962 = ,0646 A« - ,0978 Ao
Solving for Ax snd Ac we get

A= =9,2; b0 = =4.1 -

Our second estimte of 4 and ¢ thus become apuroximately

ii= 2430 and a';-'f-lG. Rereating the above process twice mace,
vo finally obtain estimates to the n2arest ft/sec.; name ly
A= 2431, 6 :.15. '

. ‘ , . A
To determinz.the apprroximate variances of Xand o
we computo . c

ﬂ. 2 Z"’ .
P 5 LB %L ) o a0 = -.01023.
E(a,«a) > % T> - (= 75 [-2.301)" = -.00023

+.22 t,22 -
?.f!:.): 25 A% 2T o L [ 7310) = .00325
orC) oo 1 q P4 225 . |

{ 923 *iZi} \ '
221\ )1 S e d . A= b [-1.7659) = -.00735
’ (202) o® (T . ~

T

1

Thus Aux = 01023
Mo = ~,003%525
Ahoo = ,00785
The variance-covariesnce ratrix is given 'by. .
01025  -.00325|"% [ 112.6 46.6“ !
- 000325 000785 460 6 111 Gv.:.i ,
yielding ' E
of = 112.6 o2 = 146.7
. a H
G = 10.6 o, = 12.1 M 5
o . : i

11 o o
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6. Conclusion. For ths particular class of problerms
eanpl.oying SenultiviTy Qata with vhich we are.concerncd in this
report it 1s possible to determin: by the Method of Maximum
Tikelihood cstinmates of the paramsters4end o of the assured
undorlying llormal Distribution. llercover, it is possible to
determino the approxirate variances of theee estimates. '

It i3 recomm:znled, hewiever, that in the execution
of tho test coare be tsken %0 insure & good “zouz of mized
resulty", J.e. a renge of velceitios which yield an cntangle~
et of penctrations and non-renetrations. ProbLadbly the best
vay to obiain ua good “"zonz of mixed resulits" would be tho use
of en "Up and Down" lethod [3) of firing. _ :
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0.024
0.019
0.015
0.011
0.009
0.007
0.005
0.004
0.003
0.002
0.001.
0,001
0,001
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TABLE II -
r VALUES OF Z /4
ot .00 .01 .02 .03 Ol .05 .06 .07 .08 .09
! 0.0 | 0.796 0,804} 0.811} 0.817| 0.824| 0.8%0| 0.83%6| 0.843 | 0.849 | 0.856
+ 0.) | 0.863] 0.869; 0.876| 0.882| 0.889| 0.896] 0.902| 0.909 | 0.916 | 0.923
0.2 | 0.929 0.9356/ 0.943F 0.950( 0.957 0.964| 0.970| 0.577| 0.984 | 0.991
0.% | 0.998{ 1.005 1l.012| 1.0l¢| 1.026| 1.033| 1,040| 1.047 | 2.054 | 1.062
0.4 | 1,069 1.076] 1.08% 1.090| 1.097( 1.105| 1,312| 3.129 | 1.126 |1.2.3%4
0.5 | 1.141 1.148] 1.)56] 1.163| 1.171! 1.178| 1.185|1.19% | 1.200 |1.207
006 10215 ].0222 10?.30 10237 10245 10253 10260 10268 10275 1.283
0.7 | 1.290{ 1.298; 1.%06] 1.313| 1.%21| 1.329| 1,356 1:%44 | 1.352 ] 1.%60
0.8 | 1.367] 1.375; 1.383] 1.391| 1.399] 1.406| 1.414 | 1.422 |1:4350 |1.4%8
i 0.9 1;446 10"‘25/; 10’;61 1.469 10,&77 10485 ].0495 10501 10509 10517
1.0 | 3.525 1.5331 1.541f 1.549| 1.557| 1.565| 1..57% | 1.581 {1.590 {1.598
1ol | 1.606f 1,614{ 1.622; 1.630| 1.638| 1.646| 1.655 | 2.663 |1.671 |1.679
1.2 | 1.687| 1.696] 1.704f 1.712| 1.720| 1.729] 1,757 | 1.745 | 1.754 11.762
! 1.3 | 1.770f 1.777191 1.787; 1.795{ 1.804! 1.812| 1.820 |1.029 |1.8%58 |1.846
1.4 | 1.854] 1.862{ 1.871{ 1.879| 1.888{ 1.896| 1.905 | 1.91% {1.922 {1.930 -
1.5 | 1.938] 2.947]| 1.955: 1.964: 1.972| 1.98)| 1.990°|1.998 | 2,007 {2.015
1.6 2.024 2.033 20041 20050 20058 20067 2.076 29084 20095 20102
1.7 | 2.110| 2.119] 2.128: 2.136) 2.1i5| 2.154| 2.162 | 2.171 {2,180 i2.188
1.8 | 22197 2,206} 2.215( 2.2231 2.232; 2,241| 2,250 |2.258 |2.267 [2.276
1.9 | 2.285] 2.2941 2.303| 2.3111 2,320; 2,329! 2.338 |2.546 {2,555 |2.364
2.0 1 2.3751 2.381: 2.390: 2,399 2,408, 2.417| 2.426 | 2.435 i2.444 12,45%
2.1 | 2.462) 2.470; 2.4791 2.488: 2.497| 2.506! 2,515 |{2.524 {2.533 [2.542
2.2 | 2,551} 2.560i 2,568} 2.578: 2.587] 2.596| 2.605 |2.614 |2.62% 12,652
2.3 | 2,641 2.650; 2.658! 2.668| 2.677; 2.687|.2.696 |2.705 {2.714 12,723
2.4 1 2,732 2,741% 2.750; 2,759 2.7681 2,777} 2.786 |2.795 [2.805 !2.814
2.5 { 2.82%; 2.832: 2,841{ 2,850} 2.859 2,868 2.878 |2.887 {2.896 12,905
i 2,7 | 3,006} 3.015! %,024: 3,033 3.04% . 3,052 | 5,061 |3.070 {3,079 3,089
’ 2.8 | 3.0981 3.107,3.116; 3,126} 3.135| 3.144 ! 3,153 |3.163 13.172 :3.18)
2.9 | 5.190) 3.200. 3.209. 3.218; 3.227: 3.237 | 3.246 |3.255 130265 13.274
240 1 3.285] 3.292} 3.302' 3.311: 3,320 3.330 ! 3.359 |3.348 13.358 |3.567 .
] 201 1 3.376) 5.3867 303951 3,404 1 3,413 3,425 3.432 |3.441 {5.451 [3.460
5 202 | 3.470| 3.479( 3.4881 3.4981 3.507 ¢ 3,516 3.526 |3.535 13.544 15.554
i 3¢5 | 35631 3.573| 3.582% 3,591 | 3,601 : 3.610, 5.620 |3.629 |3.638 i5.648
te . Beh | 3.65T1 3,667 3.676: 3.685: 3.695| 5,704 | 3.714 |%.725 (3,752 15,742
i 3.5 | 3.751] 3.761¢ 3.770 3,780 . 3.789 | 3.799 | %.£:08 [5.807 {3.827 [5.836
: 3.6 | 3.846| 3.055{ 3.805. 3.874 1 3.884 | 5.893 | 3.902 15.9)2 {5.992 p-951
=« 3.7 ) 3.9401 5.9501 %.959, 3.9697 3,978 3.988 | 3,997 [4.007 4.016 14026
' 3.8 | 4,055 4.0451 4,054, 4.064 | 4,075 { 4,083 | 4.092 [4.202 {4,112 U%.121
; 3¢9 1 4.130}) 4.1401 4.149: 4.159 | 4,169 | 4.178 | 4,188 (4,197 14.206 14.216
: 4.0 | 4.226] 4.235] 4,245, 4.254 | 4,264 | 4.273 | 4.285 4.292 14,3502 k.512
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